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GENERALIZED GENERALIZED SPIN MODELS
EIICHI BANNAI AND ETSUKO BANNAI
Abstracl: The concept of spin model was inlroduced by V. F. R. Jones. Munemasa and
Walalani generalized it by dropping the symInetric condilion, and defined ageneralized
spin model. In this paper, by further generalizing the concept using four funclions, we de-
fine ageneralized generalized spin IIlodel. Namely, (X, $w_{1}$ ; $w_{2},w_{3},$ $w_{4}$) is ageneralized gen-
eralized spin model, if $X$ is afinite set and $w_{i}(i=1,2,3,4)$ are complex valued functions on
$X\cross x_{satis5^{ringthe}}$ following conditions: (1) $w_{1}(\alpha,\beta)w_{3}(\beta, \alpha)=1,$ $w_{2}(\alpha,\beta)w_{4}(\beta, \alpha)=1$
for any $\alpha,\beta$ in $X,$ (2) $\sum_{x\in X}w_{1}(\alpha,x)w_{3}(x, \beta)=n\delta_{\alpha,\beta},$ $\sum_{x\in X}w_{2}(\alpha,x)w_{4}(x,\beta)=n\delta_{\alpha,\beta}$
for any $\alpha$ and $\beta$ in $X,$ $(3a) \sum_{x\in X}w_{1}(\alpha,x)w_{1}(x, \beta)w_{4}(\gamma,x)=Dw_{1}(\alpha, \beta)w_{4}(\gamma, \alpha)w_{4}(\gamma,\beta)$
and $(3b) \sum_{x\in X}w_{1}(x, \alpha)w_{1}(\beta,x)w_{4}(x, \gamma)=Dw_{1}(\beta, \alpha)w_{4}(\alpha, \gamma)w_{4}(\beta, \gamma)$ for any $\alpha,$ $\beta$ , and $\gamma$
in $X$ , where $D^{2}=n=|X|$ .
We $caU$ as generalized spin models, the special cases of generalized generalized spin
modek, where there are only two functions $w+andw_{-}$ &om $X\cross X$ to $C$ with two
of $w_{1},w_{2},w_{3},w_{4}$ being in $\{w+,{}^{t}w_{+}\}$ and the remaining two of $w_{1},$ $w_{2},$ $w_{3},$ $w_{4}$ being in
$\{w-,{}^{t}w_{-}\}$ . We see that we have three types of generalized spin models, namely Jones
type, pseudo-Jones type, and Hadamard type. We ako see that Munemasa-Walalani’s
generalized spin model is one special case of Jones lype, and Jones’ original spin model
is afurther special case of it. Here we emphasize that there are actually $interestin_{\subset}\sigma$ spin
modek which are considerably different from the original concept of spin model defined by
Jones.
\S 1. Introduction
The concept of spin model was defined by Jones [6] (see Definition 7below). Munemasa
andWatalani [7] generalized it by dropping the symmetric condition, and defined ageneral-
ized spin model (i.e., the generalized spin model of Jones type in Definition 8). In \S 1of the
present paper, we fuIther generalize the concept by using four functions $w_{i}(i=1,2,3,4)$ ,
and define generalized generalized spin modek $(s\infty De6nition3)$ . The purpose of \S 1is
to discuss the ba&ground of this new definition. In the subsequent sections, we study
the special cases where there axe only two functions $w+andw_{-}$ &om $X\cross X$ to $C$ with
two of $w_{1},$ $w_{2},$ $w_{3},$ $w_{4}$ being in $\{w_{+},{}^{t}w_{+}\}$ and the remaining two of $w_{1},$ $w_{2},$ $w_{3)}w_{4}$ being in
$\{w-,{}^{t}w_{-}\}$ . We call these models generalized spin models, and they are divided into three
types (though these types are not exclusive of each other): Jones type, pseudo-Jones type
and Hadamard type. They are discussed in \S 2, \S 3, and \S 4respectively. We $ako$ see that
Munemasa-Watatani’s generalized spin model is the generalized spin model of Jones type
(in Definition 8) and that Jones’ original spin model is afurther special case of it. Here we
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emphasize that there are actually interesting spin modek which are considerably different
from the original concept of spin model defined by Jones [6].
\S 1. For any diagram $L$ of an oriented link, we color the regions in black and white so
that the unbounded region is white and adjacent regions have different colors as in a chess
board. Then we get exactly four kinds of crossings. We construct a numbered oriented
graph whose vertices are the black regions and edges are the crossings. For each edge
(crossing) assign a number and an orientation in the following manner.
$\alpha$ $\alpha$ $\alpha$ $\alpha$
$\{1$ $\{2$ $\{3$ $\}4$
$\beta$ $\beta$ $\beta$ $\beta$
For any edge $\alphaarrow\beta,n(\alphaarrow\beta)$ denotes the number attached to the edge according to the
definition given above.
For a diagram $L$ of a link, $v(L)$ denotes the number of the black regions (number of the
vertices of the corresponding graph).
Let $X$ be a finite set with $|X|=n$ and $D^{2}=n$ . Let $w_{1},$ $w_{2},$ $w_{3}$ , and $w_{4}$ be complex
valued functions defined on $X\cross X$ .
Now we define a partition function $Z_{L}$ of $L$ by
$Z_{L}=D^{-v(L)} \sum_{\sigma,t*t*s}\prod_{\alphaarrow\beta,dg\infty}w_{n(\alphaarrow\beta)}(\sigma(\alpha), \sigma(\beta))$
,
where a state $\sigma$ is a map from the set of vertices of the graph of $L$ to $X$ .
It is easy to see that there exist the following eight kinds of Reidemeister move of type
II and sixteen kinds of type III.
$\swarrow’///\gamma//\wedge//,/)^{\sim}\wedge^{/////}\bigcup_{/}///$, $l/ \lambda^{\sim}/\int_{\frac{///}{///}}//,,\bigcup_{//////}\wedge$
$/’/^{\prime\prime\prime\prime\prime\prime_{/\wedge//}}/^{\wedge}U_{///\searrow^{\sim},/J,}/////$ $\gamma_{/’\text{ }/,\searrow\sim}’’’\wedge^{////\cdot//}$
$typeII_{1}$ $typeII_{2}$ $typeII_{3}$ $typeII_{4}$
\sim I - $\text{ _{}e}\sim$
40
type $III_{5}$
type $III_{13}$ type $III_{14}$ type $III_{15}$ type $In_{16}$
The partition fumction is invariant under Reidemeister moves of type $II_{1},$ $\cdots$ , type $II_{8}$
and type $III_{1},$ $\cdots$ , type $nI_{16}$ if the following conditions $II_{1},$ $\cdots$ , $II_{8}$ and $III_{1},$ $\cdots$ , $III_{16}$ hold
respectively.
$II_{1}.w_{1}(\alpha,\beta)w_{3}(\beta, \alpha)=1$ for any $\alpha,\beta\in X$ ,
$II_{2}.w_{2}(\beta, \alpha)w_{4}(\alpha, \beta)=1$ for any $\alpha,$ $\beta\in X$ ,
$II_{3}.w_{2}(\alpha,\beta)w_{4}(\beta, \alpha)=1$ for any $\alpha,$ $\beta\in X$ ,
$II_{4}.w_{1}(\beta, \alpha)w_{3}(\alpha, \beta)=1$ for any $\alpha,\beta\in X$ ,
$II_{5}.\sum_{x}w_{2}(\alpha,x)w_{4}(x, \beta)=n\delta_{\alpha,\beta}$ for any $\alpha,\beta\in X$ ,
$II_{6}.\sum_{x}w_{3}(\beta,x)w_{1}(x, \alpha)=n\delta_{\alpha,\beta}$ for any $\alpha,\beta\in X$ ,
$II_{7}.\sum_{x}w_{1}(\alpha,x)w_{3}(x, \beta)=n\delta_{\alpha,\beta}$ for any $\alpha,$ $\beta\in X$ ,
$II_{8}$ . $\sum_{x}w_{4}(\beta,x)w_{2}(x, \alpha)=n\delta_{\alpha,\beta}$ for any $\alpha,$ $\beta\in X$ ,
$III_{1}.\sum_{x}w_{1}(\alpha,x)w_{1}(x,\beta)w_{4}(\gamma, x)=Dw_{1}(\alpha,\beta)w_{4}(\gamma, \alpha)w_{4}(\gamma,\beta)$ for any $\alpha,$ $\beta.,$ $\gamma\in X$ ,
$III_{2}.\sum_{x}w_{1}(x, \alpha)w_{2}(\beta,x)w_{3}(\gamma, x)=Dw_{2}(\beta, \alpha)w_{3}(\gamma, \alpha)w_{4}(\gamma,\beta)$ for any $a,\beta,$ $\gamma\in X$ ,
$III_{3}.\sum_{x}w_{2}(x, \alpha)w_{2}(x,\beta)w_{4}(\gamma, x)=Dw_{1}(\alpha,\beta)w_{3}(\gamma, \alpha)w_{3}(\beta,\gamma)$ for any $\alpha,$ $\beta,$ $\gamma\in X$ ,
$III_{4}.\sum_{x}w_{1}(x, \alpha)w_{2}(x,\beta)w_{3}(\gamma, x)=Dw_{2}(\alpha,\beta)w_{3}(\gamma, \alpha)w_{4}(\beta, \gamma)$ for any $\alpha,$ $\beta,\gamma\in X$ ,
$III_{5}.\sum_{x}w_{1}(\alpha, x)w_{2}(x, \beta)w_{3}(x, \gamma)=Dw_{2}(\alpha,\beta)w_{3}(\alpha, \gamma)w_{4}(\beta, \gamma)$ for any $\alpha,\beta$ ) $\gamma\in X$ ,
$III_{6}.\sum_{x}w_{1}(x, \alpha)w_{1}(\beta,x)w_{4}(x, \gamma)=Dw_{1}(\beta, \alpha)w_{4}(\alpha, \gamma)w_{4}(\beta, \gamma)$ for any $\alpha,$ $\beta,$ $\gamma\in X$ ,
$III_{7}.\sum_{x}w_{1}(\alpha, x)w_{2}(\beta,x)w_{3}(x, \gamma)=Dw_{2}(\beta, \alpha)w_{3}(\alpha, \gamma)w_{4}(\gamma, \beta)$ for any $\alpha,$ $\beta,$ $\gamma\in X$ ,
$III_{8}.\sum_{x}w_{2}(\alpha, x)w_{2}(\beta,x)w_{4}(x, \gamma)=Dw_{1}(\beta, \alpha)w_{3}(\alpha, \gamma)w_{3}(\gamma, \beta)$ for any $\alpha,$ $\beta,$ $\gamma\in X$ ,
IIIg. $\sum_{x}w_{1}(\alpha, x)w_{3}(x,\beta)w_{4}(\gamma, x)=Dw_{1}(\alpha, \beta)w_{2}(\alpha, \gamma)w_{4}(\gamma, \beta)$ for any $\alpha,$ $\beta,$ $\gamma\in X$ ,
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$III_{10}.\sum_{x}w_{2}(\alpha,x)w_{3}(x,\beta)w_{3}(\gamma,x)=Dw_{2}(\alpha,\beta)w_{2}(\alpha,\gamma)w_{3}(\gamma,\beta)$ for any $\alpha,$ $\beta,$ $\gamma\in X$ ,
$III_{l1}.\sum_{x}w_{2}(x, \alpha)w_{4}(\beta,x)w_{4}(\gamma,x)=Dw_{1}(\alpha,\beta)w_{1}(\gamma, \alpha)w_{3}(\beta,\gamma)$ for any $\alpha,$ $\beta,$ $\gamma\in X$ ,
$III_{12}.\sum_{x}w_{1}(x, \alpha)w_{3}(\beta,x)w_{4}(\gamma,x)=Dw_{1}(\beta, \alpha)w_{2}(\alpha, \gamma)w_{4}(\gamma,\beta)$ for any $\alpha,$ $\beta,$ $\gamma\in X$ ,
$III_{13}.\sum_{x}w_{2}(x, \alpha)w_{3}(x,\beta)w_{3}(\gamma,x)=Dw_{2}(\beta, \alpha)w_{2}(\gamma, \alpha)w_{3}(\gamma,\beta)$ for any $\alpha,\beta,$ $\gamma\in X$ ,
$III_{14}.\sum_{x}w_{1}(x, \alpha)w_{3}(\beta, x)w_{4}(x,\gamma)=Dw_{1}(\beta, \alpha)w_{2}(\gamma, \alpha)w_{4}(\beta, \gamma)$ for any $\alpha,$ $\beta,$ $\gamma\in X$ ,
$III_{15}.\sum_{x}w_{1}(\alpha,x)w_{3}(x,\beta)w_{4}(x,\gamma)=Dw_{1}(\alpha,\beta)w_{2}(\gamma, \alpha)w_{4}(\beta, \gamma)-$ for any $\alpha,$ $\beta,$ $\gamma\in X$ ,
$III_{16}.\sum_{x}w_{2}(\alpha,x)w_{4}(x,\beta)w_{4}(x,\gamma)=Dw_{1}(\beta, \alpha)w_{1}(\alpha, \gamma)w_{3}(\gamma, \beta)$ for any $\alpha,$ $\beta,$ $\gamma\in X$ .
Let $W_{i}=(w_{i}(\alpha,\beta))_{\alpha\in X,\beta\in X}$ for $i=1,2,3,4$. Let $I$ be the identity matrix and $J$ be the
matrix whose entries are all 1. Let $Y_{\alpha\beta}^{ij}$ be an n-dimensional column vector whose x-entry
is given by $Y_{\alpha\beta}^{ij}(x)=w_{i}(\alpha,x)w_{j}(x, \beta)$ for any $i,j\in\{1,2,3,4\}$ and $\alpha,$ $\beta\cdot\in X$ .
The matrix expressions of $II_{1}$ and $\coprod_{4},II_{2}$ and $II_{3},II_{6}$ and $II_{7},II_{5}$ and $II_{8}$ are ${}^{t}W_{1}\circ W_{3}=$
$J,{}^{t}W_{2}\circ W_{4}=J,$ $W_{1}W_{3}=nI$ and $W_{2}W_{4}=nI$ respectively.
The following $III_{1}’,III_{2}’,$ $\cdots$ , $\Pi I_{16’}$ are the matrix expressions of $III_{1},III_{2},$ $\cdots$ , $III_{16}$ re-
spectively.
$III_{1’}$ . $W_{1}Y_{\alpha\beta}^{41}=Dw_{4}(\alpha,\beta)Y_{\alpha\beta}^{41}$ for any $\alpha,\beta\in X$,
$III_{2}’$ . $W_{2}Y_{\alpha\beta}^{31}=Dw_{3}(\alpha, \beta)Y_{\alpha\beta}^{42}$ for any $\alpha,\beta\in X$,
$III_{3}’.{}^{t}W_{2}Y_{\alpha\beta}^{42}=Dw_{3}(\beta, \alpha)Y_{\alpha\beta}^{31}$ for any $\alpha,\beta\in X$ ,
$III_{4}.{}^{t}W_{1}Y_{\alpha\beta}^{32}=Dw_{4}(\beta, \alpha)Y_{\alpha\beta}^{32}$ for any $\alpha,\beta\in X$,
$III_{5}’.{}^{t}W_{2}Y_{\alpha\beta}^{13}=Dw_{3}(\alpha,\beta)Y_{\alpha\beta}^{24}$ for any $\alpha,\beta\in X$ ,
$nI_{6’}.{}^{t}W_{1}Y_{\alpha\beta}^{14}=Dw_{4}(\alpha,\beta)Y_{\alpha\beta}^{14}$ for any $\alpha,$ $\beta\in X$,
$III_{7}’$ . $W_{1}Y_{\alpha\beta}^{23}=Dw_{4}(\beta, \alpha)Y_{\alpha\beta}^{23}$ for any $\alpha,$ $\beta\in X$ ,
$III_{8}’$ . $W_{2}Y_{\alpha\beta}^{24}=Dw_{3}(\beta, \alpha)Y_{\alpha\beta}^{13}$ for any $\alpha,\beta\in X$,
$III_{9’}$ . $W_{4}Y_{\alpha\beta}^{13}=Dw_{1}(\alpha,\beta)Y_{\alpha\beta}^{24}$ for any $\alpha,$ $\beta\in X$ ,
$III_{10’}$ . $W_{3}Y_{\alpha\beta}^{23}=Dw_{2}(\alpha,\beta)Y_{\alpha\beta}^{23}$ for any $\alpha,$ $\beta\in X$ ,
$III_{l1’}$ . $W_{4}Y_{\alpha\beta}^{42}=Dw_{1}(\beta, \alpha)Y_{\alpha\beta}^{31}$ for any $\alpha,\beta\in X$,
$III_{12’}$ . $W_{3}Y_{\alpha\beta}^{41}=Dw_{2}(\beta, \alpha)Y_{\alpha\beta}^{41}$ for any $\alpha,$ $\beta\in X$ ,
$III_{13’}.{}^{t}W_{3}Y_{\alpha\beta}^{32}=Dw_{2}(\alpha,\beta)Y_{\alpha\beta}^{32}$ for any $\alpha,$ $\beta\in X$ ,
$III_{14’}.{}^{t}W_{4}Y_{\alpha\beta}^{31}=Dw_{1}(\alpha,\beta)Y_{\alpha\beta}^{42}$ for any $\alpha,$ $\beta\in X$ ,
$III_{15’}.{}^{t}W_{3}Y_{\alpha\beta}^{14}=Dw_{2}(\beta, \alpha)Y_{\alpha\beta}^{14}$ for any $\alpha,$ $\beta\in X$ ,
$III_{16’}.{}^{t}W_{4}Y_{\alpha\beta}^{24}=Dw_{1}(\beta, \alpha)Y_{\alpha\beta}^{13}$ for any $\alpha,$ $\beta\in X$ .
We have the following proposition.
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Proposition 1. Let $W_{i}$ , $(i= 1,2,3,4)$ , satisfy ${}^{t}W_{1}\circ W_{3}$ $=$ ${}^{t}W_{2}\circ W_{4}$ $=$ $J$ and
$W_{1}W_{3}=W_{2}W_{4}=nI$. Then the conditions $III_{12},III_{11},$ $III_{14},$ $III_{13},III_{16},III_{15},III_{10},III_{9}$
are equivalent to $III_{1},$ $III_{2},III_{3},$ $III_{4},$ $III_{5},III_{6},$ $III_{7},$ $III_{8}$ respecti$v^{r}ely^{r}$.
Proof. This is obvious &om $III_{1}’,$ $\cdots III_{16’}$ .
Theorem 2. Let $W_{i},$ $(i=1,2,3,4),$ $satis\theta {}^{t}W_{1}\circ W_{3}={}^{t}W_{2}\circ W_{4}=J$ and $W_{1}W_{3}=$
$W_{2}W_{4}=nI$ . Then the conditions $III_{1},III_{4},III_{5},III_{8}$ are equivalent to each other an$d$
$III_{2},III_{3},III_{6},III_{7}$ are equivalent to each other.
Proof. By $III_{1}$ we have
$\sum_{\gamma}\{\sum_{x}w_{1}(\alpha,x)w_{1}(x, \beta)w_{4}(\gamma,x)\}w_{2}(y, \gamma)w_{3}(\beta, \alpha)$
$= \sum_{\gamma}(Dw_{1}(\alpha, \beta)w_{4}(\gamma, \alpha)w_{4}(\gamma,\beta))w_{2}(y,\gamma)w_{3}(\beta, \alpha)$
for any $\alpha,$ $\beta,y\in X$ . Since $W_{2}W_{4}=nI$ and ${}^{t}W_{1}\circ W_{3}=J$ , we have $III_{16}$ . Simi-
larly from $III_{16},$ $III_{4},$ $III_{9}$ , by summing over $\beta,$ $\gamma$ , and $\beta$ respectively, we have $III_{4},III_{9}$ ,
and $III_{1}$ respectively. Therefore $III_{1},III_{16},III_{4},III_{9}$ are equivalent to each other. Hence,
by Proposition 1, $III_{1},$ $III_{5},$ $III_{4},$ $III_{9}$ are equivalent to each other. A similar method on
$III_{2},$ $III_{16},III_{3},$ $III_{15}$ , summing over $\alpha,$ $\alpha,$ $\beta$ , and $\alpha$ respectively, gives $III_{10},$ $III_{3},III_{15},$ $III_{2}$ .
Therefore $III_{2},$ $III_{10},$ $III_{3},III_{15}$ are equivalent to each other. Hence, by Proposition 1,
$III_{2},III_{7},III_{3},\Pi I_{6}$ are equivalent to each other.
Theorem 2 telk us that the following definition of generalized generalized spin model is
meaningful.
Definition 3. Let $X$ be a fnite set, and le$tw_{i}(i=1,2,3,4)$ be functions on $X\cross X$ to
C. Then (X, $w_{1},w_{2},$ $w_{3},$ $w_{4}$ ) is a generalized generalized spin model of loop variable $D$ if
the following conditions are satisfied:
(1) $w_{1}(\alpha, \beta)w_{3}(\beta, \alpha)=1,$ $w_{2}(\alpha,\beta)w_{4}(\beta, \alpha)=1$ for any $\alpha$ and $\beta$ in $X$ ,
(2)
$\sum_{x\in X}w_{1}(\alpha,x)w_{3}(x, \beta)=n\delta_{\alpha,\beta},\sum_{x\in X}w_{2}(\alpha,x)w_{4}(x,\beta)=n\delta_{\alpha,\beta}$ for any $\alpha$ and $\beta$ in $X$ ,
$( 3a)\sum_{x\in X}w_{1}(\alpha,x)w_{1}(x,\beta)w_{4}(\gamma,x)=Dw_{1}(\alpha,\beta)w_{4}(\gamma, \alpha)w_{4}(\gamma, \beta)$ for any $\alpha,\beta$ and $\gamma$ in
$X_{f}$
$( 3b)\sum_{x\in X}w_{1}(x, \alpha)w_{1}(\beta)x)w_{4}(x,\gamma)=Dw_{1}(\beta, \alpha)w_{4}(\alpha,\gamma)w_{4}(\beta,\gamma)$ for any $\alpha,\beta$ and $\gamma$ in
X.
Note. (3a) and (3b) are $III_{1}$ and $III_{6}$ respectively.
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Note. If (X, $w_{1},w_{2},w_{3},$ $w_{4}$ ) is a generalized generalized spin model, then the partition
function $Z_{L}$ of an oriented lin$kdia_{o}ramL$ is invariant under the Reidemeister moves of
type II and III.
We have the following matrix expressions of (1), (2), (3a) and (3b).
(1) ${}^{t}W_{1}\circ W_{3}=J,{}^{t}W_{2}\circ W_{4}=J$,
(2) $W_{1}W_{3}=nI,$ $W_{2}W_{4}=nI$ ,
$(3a)’W_{1}Y_{\gamma\beta}^{41}=Dw_{4}(\gamma,\beta)Y_{\gamma\beta}^{41}$ for any $\gamma,\beta\in X$ ,
$(3b)’{}^{t}W_{1}Y_{\beta\gamma}^{14}=Dw_{4}(\beta,\gamma)Y_{\beta\gamma}^{14}$ for any $\gamma,\beta\in X$ .
Proposition 4. Let (X, $w_{1},$ $w_{2},$ $w_{3\backslash }w_{4}$ ) be a generalized generalized spin model. Then we
have
(4) $\sum_{x\in X}w_{2}(\alpha,x)=\sum_{x\in X}w_{2}(x, \alpha)=Dw_{3}(\alpha, \alpha)=a^{-1}$ ,
(5) $\sum_{x\in X}w_{4}(\alpha,x)=\sum_{x\in X}w_{4}(x, \alpha)=Dw_{1}(\alpha, \alpha)=a$
for any $\alpha\in X$ With some $a\in$ C. $IWe$ call this $number$ a the modulus of (X, $w_{1},$ $w_{2},$ $w_{3},$ $w_{4}$).
Proof. In $III_{2},$ $III_{3},III_{9}$ and $III_{14}$ , put $\alpha=\gamma,$ $\beta=\gamma,$ $\alpha=\beta$ , and $\alpha=\beta$ respectively. Then,
by (1) and (2), we have the proposition.
The following Proposition 5 is the matrix expression of Proposition 4.
Proposition 5. Let (X, $w_{1},$ $w_{2},w_{3},w_{4}$) be a generalized generalized spin model of mod-
ulus $a$ . Then we have the following relations.
(4) $W_{2}J={}^{t}W_{2}J=a^{-1}J,$ $W_{3}\circ I=a^{-1}I$ ,
(5) $W_{4}J={}^{t}W_{4}J=aJ,$ $W_{1}\circ I=aI$ .
Proposition 6. Let (X, $w_{1},w_{2},w_{3},$ $w_{4}$ ) be a generalized generalized spin model of loop
variable D. Then $Dw_{4}(\alpha,\beta)$ and $Dw_{2}(\alpha, \beta)$ are eigenvalues of $W_{1}$ an$dW_{3}$ respectively.
Proof. Obvious from $III_{1}’$ and $III_{12’}$ .
(Note that $Dw_{1}(\alpha,\beta)$ is not necessarily an eigenvalue of $W_{4}$ , and that $Dw_{3}(\alpha,\beta)$ is not
necessarily an eigenvalue of $W_{2}.$ )
\S 2. Generalized spin models of Jones type
In this section we consider the special case of generalized generalized spin models, where
there are only two functions $w_{+}$ and $w_{-}$ on $X\cross X$ to $C$ with $w_{1)}w_{2}\in\{w_{\epsilon)}{}^{t}w_{\epsilon}\}$ and
W3, $w_{4}\in\{w_{\epsilon’},{}^{t}w_{\epsilon’}\}$ , where $\{\epsilon, \epsilon’\}=\{+, -\}$ .
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Definiton 7. (The $orio\sigma i_{D\partial}J$ spin model due to Jones [6].) (X, $w+,$ $w_{-}$ ) is a symmetric spin
model of Jones type if the following conditions are satisfed.
(0) $w_{+}(\alpha,\beta)=w_{+}(\beta, \alpha),$ $w_{-}(\alpha,\beta)=w_{-}(\beta, \alpha)$ for any $\alpha$ and $\beta$ in $X$,
(1J) $w_{+}(\alpha,\beta)w_{-}(\beta, \alpha)=1$ for any $\alpha$ and $\beta$ in $X$,
$( 2J)\sum_{x\in X}w_{+}(\alpha,x)w_{-}(x,\beta)=n\delta_{\alpha,\beta}$ for any $\alpha$ an$d\beta$ in $X$,
$( 3J)\sum_{x\in X}w+(\alpha,x)w+(x,\beta)w_{-}(x,\gamma)=Dw+(\alpha,\beta)w_{-}(\alpha,\gamma)w_{-}(\beta, \gamma)$ for any $\alpha,\beta$ and $\gamma$
in $X$ ,
where $|X|=n$ an$dD^{2}=n$ .
Definition 8. (X, $w+,$ $w_{-}$ ) is a generalized spin $model$ of Jones type if the following
conditions are satisfed.
(1J) $w_{+}(\alpha,\beta)w_{-}(\beta, \alpha)=1$ for any $\alpha,\beta$ in $X_{f}$
$( 2J)\sum_{x\in X}w_{+}(\alpha,x)w_{-}(x,\beta)=n\delta_{\alpha,\beta}$
for any $\alpha$ an$d\beta$ in $X$ ,
$( 3J)\sum_{x\in X}w_{+}(\alpha,x)w+(x,\beta)w_{-}(x,\gamma)=Dw+(\alpha, \beta)w_{-}(\alpha,\gamma)w_{-}(\beta,\gamma)$ for any $\alpha,\beta$ and $\gamma$
in $X_{f}$ where $|X|=n$ and $D^{2}=n$ .
Definition 9. (X, $w+,w_{-}$ ) is a generalized spin model of transposed Jones type if the
folloWing conditions are satisfied.
$(lJT)w_{+}(\alpha, \beta)w_{-}(\alpha,\beta)=1$ for any $\alpha$ an$d\beta$ in $X$ ,
$( 2JT)\sum_{x\in X}w_{+}(\alpha,x)w_{-}(\beta,x)=n\delta_{\alpha,\beta}$ for any $\alpha$ and $\beta$ in $X_{j}$
$( 3J)\sum_{x\in X}w_{+}(\alpha,x)w_{+}(x,\beta)w_{-}(x,\gamma)=Dw_{+}(\alpha, \beta)w_{-}(\alpha, \gamma)w_{-}(\beta, \gamma)$ for any $\alpha,\beta$ and $\gamma$
in $X$ , whete $|X|=n$ and $D^{2}=n$ .
Note. The spin modek of symmetric Jones type are special cases of Definitions 8 and 9.
Theorem 10. Let $w_{+’}(\alpha, \beta)=w_{+}(\beta, \alpha)$ and $w_{-}’(\alpha, \beta)=w-(\beta, \alpha)$ . Then the following
assertions hold.
(i) (X, $w_{+},$ $w_{-}$ ) is a generalized spin model of Jones type if and only if $(/X, w_{+}, w_{-})$ is
that of transposed Jones type.
(ii) (X, $w_{+},$ $w_{-}$ ) is a generalized spin model of Jones type if and on$ly$ if (X, $w_{+’},$ $w_{-}$ )
is that of transposed Jones type.
Proof. First assume that (X, $w_{+},$ $w_{-}$ ) satisfies the conditions (1J) and (2J). Consider
$(X, w_{1}, w_{2}, w_{3}, w_{4})$ defined by $w_{1}=w_{+},$ $w_{2}=w_{+}’,$ $w_{3}=w-$ and $w_{4}=w_{-}’$ . Then
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(X, $w_{1},$ $w_{2},$ $w_{3},$ $w_{4}$ ) satisfies the conditions (1) and (2) of Definition 3. Therefore Proposi-
tion 1 and Theorem 2 show that $III_{1}$ and $III_{4}$ are equivalent. In our case $III_{1}$ is exactly
(3J) and $m_{4}$ is exactly
$(3JT)$
$\sum_{x\in X}w+(\alpha,x)w+(x,\beta)w_{-}(\gamma,x)=Dw+(\alpha, \beta)w_{-}(\gamma, \alpha)w_{-}(\gamma,\beta)$
for any $\alpha,\beta$ , and $\gamma$ in $X$ . This shows that under (1J) and (2J), (3J) and $(3JT)$ are equiv-
alent. Since the condition $(3JT)$ for (X, $w+,$ $w_{-}$ ) is the condition $-(3J)$ for (X, $w_{+},$ $w_{-}’$),
and conditions (IJ) and (2J) for (X, $w_{+},w_{-}$ ) are the conditions (1JT) and $(2JT)$ for
(X, $w_{+},w_{-}’$), we have (i).
(ii) Since $\sum_{x\epsilon+’}x^{w_{+’}(\alpha,x)w(x,\beta)w_{-}(x,\gamma)}$ $=$ $\sum_{x\in X}w+(\beta,x)w_{+}(x, \beta)w_{-}(x, \gamma)$ and
$Dw_{+}’(\alpha,\beta)w_{-}(\alpha,\gamma)w_{-}(\beta,\gamma)=Dw_{+}(\beta, \alpha)w_{-}(\beta, \gamma)w_{-}(\alpha,\gamma)$ , the condition (3J) for
(X, $w_{+’},w_{-}$ ) is exactly the condition (3J) for (X, $w+,$ $w_{-}$ ). Therefore we have (ii).
Theorem 11. Let $w+’=$ w-and $w_{-}’=w_{+}$ . Then (X, $w_{+},$ $w_{-}$ ) is a generalized spin
model of Jones type (transposed Jones type) if and only if (X, $w+’,$ $w_{-}’$ ) is that of Jones
type (transposed Jones type respectively).
Proof. First assume that (X, $w+,$ $w_{-}$ ) satisfies the conditions (IJ) and (2J). Consider
(X, $w_{1},w_{2},$ $w_{3},$ $w_{4}$ ) with $w_{1}(\alpha, \beta)=w+(\alpha,\beta),$ $w_{2}(\alpha,\beta)=w+(\beta, \alpha),$ $w_{3}(\alpha,\beta)=w_{-}(\alpha,\beta)$ ,
and $w_{4}(\alpha,\beta)=w_{-}(\beta, \alpha)$ . Then (X, $w_{1},$ $w_{2},$ $w_{3},$ $w_{4}$ ) satisfies the conditions (1) and (2)
of Definition 3. Therefore Proposition 1 and Theorem 2 show that $III_{7}$ and $III_{10}$ are
equivalent. In our case, $III_{7}$ is exactly (3J) and $III_{10}$ is exactly the following condition
$(3J_{+})$ .
$(3J_{+})$
$\sum_{x\in X}w_{-}(\alpha,x)w_{-}(x, \beta)w_{+}(x,\gamma)=Dw_{-}(\alpha, \beta)w_{+}(\alpha,\gamma)w_{+}(\beta,\gamma)$.
This shows that under the conditions (IJ) and (2J), (3J) and $(3J_{+})$ are equivalent. Next
assume (X, $w_{+},$ $w_{-}$ ) satisfies the condition (1JT) and $(3JT)$ . Consider (X, $w_{1},w_{2},$ $w_{3},$ $w_{4}$ )
with $w_{1}(\alpha,\beta)=w+(\alpha, \beta),$ $w_{2}(\alpha,\beta)=w+(\beta, \alpha),$ $w_{3}(\alpha, \beta)=w-(\beta, \alpha)$ and $w_{4}(\alpha, \beta)=$
$w_{-}(\alpha,\beta)$ . Then (X, $w_{1},w_{2},$ $w_{3},$ $w_{4}$ ) satisfies the conditions (1) and (2) of Definition 3.
Therefore by Proposition 1 and Theorem 2, $III_{4}$ and $III_{12}$ are $equivalent^{\wedge}$. In our case $III_{4}$
is exactly (3J) and $III_{12}$ is exactly $(3J_{+})$ . This shows that under the conditions (1JT) and
$(2JT),$ $(3J)$ and $(3J_{+})$ are equivalent. Since the condition $(3J_{+})$ for $w_{+}$ and $w-is$ the
condition (3J) for $w+’$ and $w_{-}’$ , we have the proof for Theorem 11.
Theorem 12. Let (X, $w_{1},$ $w_{2},$ $w_{3},$ $w_{4}$ ) be a generalized generalized spin model. If
$\ddagger W_{1},$ $W_{2}\in\{W_{\epsilon},{}^{t}W_{\epsilon}\}$ and $W_{3},$ $W_{4}\in\{W_{\epsilon’},{}^{t}W_{\epsilon’}\}$ where $\{\epsilon, \epsilon‘\}$ $=\{+, -\}$ , then th$e$ coll-
ditions $(3a)$ and $(3b)$ in Deffiition 3 are equivalent and (X, $w_{+},$ $w_{-}$ ) is either a generalized
spin model of Jones $type$ or that of transposed Jones type.
Proof. case (i). $W_{1}=W_{+},$ $W_{2}=W_{+},$ $W_{3}=W_{-},$ $W_{4}=W_{-}$ .
The conditions (1) and (2) in Definition 3 show that conditions (1J) and (2J) are
satisfied. Both conditions $III_{1}$ and $III_{2}$ in \S 1 give $(3JT)$ . Since $III_{1}$ and $III_{2}$ are equivalent
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to (3a) and (3b) respectively, the conditions (3a) and (3b) are equivalent. Since $(3JT)$ is
equivalent to (3J) under the conditions (IJ) and (2J), $(X, w+, w_{-})$ is a generalized spin
model of Jones type.
case $(\ddot{u})$ . $W_{1}=W_{+},$ $W_{2}=W_{+},$ $W_{3}=W_{-},$ $W_{4}={}^{t}W_{-}$ .
By (2) of Definition 3, we have $W+W-=W_{+^{t}}W-=nI$ . Therefore $W-is$ symmetric.
By (1) of Definition 3, $W+is$ also symmetric. Hence the conditions (3a) and (3b) both give
condition (3) in Definition 7, and (X, $w+,w_{-}$ ) is a symmetric spin model of Jones type.
case (\"ui). $W_{1}=W_{+},$ $W_{2}={}^{t}W_{+},$ $W_{3}=W_{-},$ $W_{4}=W_{-}$ .
A similar argument as in (i1) proves that (X, $w+,$ $w_{-}$ ) is a symmetric spin model of
Jones type.
$c$ase (iv). $W_{1}=W_{+},$ $W_{2}={}^{t}W_{+)}W_{3}=W_{-},$ $W_{4}={}^{t}W_{-}$ .
The conditions $III_{1}$ and $III_{7}$ in \S 1 both give (3J). Since $III_{1}$ and $III_{7}$ are equivalent
to (3a) and (3b) respectively, (3a) and (3b) are equivalent. Therefore (X, $w_{+},$ $w_{-}$ ) is a
generalized spin model of Jones type.
case (v). $W_{1}=W_{+},$ $W_{3}={}^{t}W_{-}$ .
Let $W_{-}’={}^{t}W-\cdot$ Then cases (i) and (iv) for $W+andW_{-}’$ prove that (X, $w+,$ $w_{-}’$)
is a generalized spin model of Jones type and cases (1i) and (iii) for $W+,$ $W_{-}’$ show that
(X, $w+,w_{-}’$) is a symmetric spin model of Jones type. Therefore (X, $w_{+},$ $w_{-}$ ) is a gener-
alized spin model of transposed Jones type or a symmetric spin model of Jones type.
case(vi). $W_{1}={}^{t}W_{+}$ .
Let $W+’={}^{t}W_{+}$ . Then cases (i), (ii), (iii), (iv), and (v) for $W+^{J},$ $W$-and Theorem 10
show that (X, $w+,$ $w_{-}$ ) is a generalized spin model of Jones type, transposed Jones type,
or a symmetric spin model of Jones type.
case (vii). $W_{1}\in\{W_{-},{}^{t}W_{-}\}$ .
Let $W_{+}’=W$-and $W_{-}’=W_{+}$ . Then cases (i), (ii), $\cdots$ , (vi) show that (X, $W_{+}’,$ $W_{-}’$ )
is a generalized spin model of Jones type, transposed Jones type or a symmetric spin model
of Jones type. Therefore by Theorem 11, the proof is completed.
Remark. Combining Theorem 11 and Theorem 10, we can conclude that in order to
study generalized spin models of transposed Jones type, we essentially have to consider
the generalized spin models of Jones type.
Note. For a given generalized spin model of Jones type, the proof of Theorem 12 shows
which signed oriented graph should be taken to construct partition functions of oriented
link diagrams which are invariant under the Reidemeister moves of type II and III. Each
type of generalized spin model of Jones type has several choices of signed oriented graph
which give possibly different partition functions.
\S 3. Generalized spin models of pseudo-Jones type.
In this section we consider the generalized generalized spin model with $W_{1},$ $W_{4}\in$
$\{W_{\epsilon)}{}^{t}W_{\epsilon}\}$ and $W_{2},$ $W_{3}\in\{W_{\epsilon^{l}},{}^{t}W_{\epsilon’}\}$ where $\{\epsilon, \epsilon’\}=\{+, -\}$ .
47
Definition 13. (X, $w_{+},w_{-}$ ) is a generalized spin model of pseudo-Jones type if the $fol-$
lowing conditions are satisfed for any $\alpha,\beta$ , an$d\gamma$ in $X$ .
(0) $w_{+}(\alpha,\beta)=w_{+}(\beta, \alpha),$ $w_{-}(\alpha, \beta)=w_{-}(\beta, \alpha)_{l}$,
(1J) $w_{+}(\alpha,\beta)w_{-}(\alpha,\beta)=1$ ,
$( 2J)\sum_{x\in X}w+(\alpha,x)w_{-}(x,\beta)=n\delta_{\alpha,\beta}$ ,
$( 3P)\sum_{x\in X}w_{+}(\alpha,x)w+(x,\beta)w_{+}(x, \gamma)=Dw_{+}(\alpha,\beta)w_{+}(\alpha, \gamma)w_{+}(\beta, \gamma)-$ .
We have the following theorem.
Theorem 14. Let (X, $w_{1},$ $w_{2},w_{3},w_{4}$) be a generalized generalized spin model. If
$W_{1},$ $W_{4}\in\{W+,{}^{t}W_{+}\}$ (or $W_{1},W_{4}\in\{W-,{}^{t}W_{-}\}$) an$dW_{2},$ $W_{3}\in\{W_{-},{}^{t}W_{-}\}$ (or
$W_{2},$ $W_{3}\in\{W_{+},{}^{t}W_{+}\}$ , resp.) for some matrices $W+=(w+(\alpha, \beta))_{\alpha\in X,\beta\in X}$ and $W_{-}=$
$(w_{-}(\alpha,\beta))_{\alpha\in X,\beta\in X}$ , then the conditions $(3a)$ and $(3b)$ in the DefUition 3 coincide and
(X, $w+,w_{-}$ ) is a generalized spin model ofpseudo-Jones type.
Proof. First we will show that $W+andW_{-}$ are symmetric.
case (i). $W_{1}=W_{+)}W_{4}=W_{+},$ $W_{2}=W_{-},$ $W_{3}=W_{-}$ .
By the assumptions we have ${}^{t}W+oW-=J$ and $W_{+}W-=nI$. Also we have $Y_{\alpha\beta}^{31}=Y_{\alpha\beta}^{24}$
and $Y_{\alpha\beta}^{13}=Y_{\alpha\beta}^{42}$ . Then by $III_{3’}$ and $III_{5}’$ we have $w_{-}(\beta, \alpha)=w_{-}(\alpha, \beta)$ . Therefore $W+and$
$W$-are symmetric.
case (ii). $W_{1}=W_{+},$ $W_{4}=W_{+},$ $W_{2}=W_{-},$ $W_{3}={}^{t}W-\cdot$
By the assumptions we have $W_{+}^{t}W_{-}=W_{-}W_{+}=nI$ . Therefore $W_{-}$ is symmetric and
so is $W_{+}$ .
case (\"ui). $W_{1},$ $W_{4}\in\{W_{-},{}^{t}W_{-}\}$ and $W_{2},$ $W_{3}\in\{W_{+},{}^{t}W_{+}\}$ .
Let $W_{+}’=W$-and $W_{-}’=W+\cdot$ Then case (i) and case (ii) show that $W_{+}’$ and $W_{-}’$
are symmetric. Therefore $W+andW$-are symmetric.
Thus we see that $W+andW$-are symmetric. Therefore $W_{1},$ $W_{2},$ $W_{3}$ , and $W_{4}$ are
symmetric and the conditions (3a) and (3b) in Definition 3 are equivalent. For the case
$W_{1}=W_{4}=W_{+}$ , the condition (3a) gives (3P) of Definition 13. For the case $W_{1}=W_{4}=$
$W-$ , we have that $W_{2}=W_{3}=W_{+}$ , and that $III_{10}$ gives the condition (3P). Therefore, in
both cases, (X, $W+,$ $W_{-}$ ) is a generalized spin model of pseudo-Jones type.
Note. For a given generalized spin model of psudo-Jones type, the proof of Theorem
14 tells which signed oriented graph should be taken to construct a partition function of
oriented link diagram which is invariant under the Reidemeister moves of type II and III.
\S 4. Generalized spin models of Hadamard type.
In this section we consider the cases where $W_{1},$ $W_{3}\in-\{W_{\epsilon^{-\cdot\ell}},W_{\epsilon}\}$ and $W_{\wedge)}l$) $W_{4}\in$
$\{W_{\epsilon’},{}^{t}W_{\epsilon’}\}$ , where $\{\epsilon_{1}\epsilon’\}=\{+, -\}$ . In these cases, $W_{+}$ or $W_{-}$ is an Hadamard matrix.
We call these spin models Hadamard type.
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Definition 15. (X, $w+,$ $w_{-}$ ) is a generalized spin model of type $(H_{\epsilon})$ if the following
conditions are satisfied.
$(OH_{\epsilon})w_{\epsilon}(\alpha, \beta)=w_{\epsilon}(\beta, \alpha)$ for any $\alpha$ an$d\beta$ in $X$,
$(IH)w_{+}(\alpha,\beta)w_{+}(\beta, \alpha)=1,$ $w_{-}(\alpha,\beta)w_{-}(\beta, \alpha)=1$ for any $\alpha$ and $\beta i_{11}X$ ,
$(2H) \sum_{x\in X}w_{+}(\alpha,x)w_{+}(x,\beta)=n\delta_{\alpha,\beta},\sum_{x\in X}w_{-}(\alpha,x)w_{-}(x,\beta)=n\delta_{\alpha,\beta}$ for any $\alpha$ and $\beta$ in
$X$ ,
$( 3a_{\epsilon})\sum_{x\in X}w_{\dot{\epsilon}’}(\alpha,x)w_{\epsilon’}(x,\beta)w_{\epsilon}(x,\gamma)=Dw_{\epsilon’}(\alpha,\beta)w_{\epsilon}(\alpha,\gamma)w_{\epsilon}(\beta,\gamma)-$
for any $\alpha,\beta$, and $i\gamma$ in
$X$ ,
where $|X|=n=D^{2}$ .
Definition 16. (X, $w+,$ $w_{-}$ ) is a generalized spin model of type $(HA_{\epsilon})$ if the $fo1lo\mathfrak{n}^{\gamma}ing$
conditions are satisfied.
$(lH_{\epsilon})w_{\epsilon}(\alpha,\beta)w_{\epsilon}(\alpha,\beta)=1,$ $w_{\epsilon’}(\alpha,\beta)w_{\epsilon’}(\beta, \alpha)=1$ for any $\alpha$ and $\beta$ in $X$,
$( 2H_{\epsilon})\sum_{x\in X}w_{\epsilon}(\alpha,x)w_{\epsilon}(\beta,x)=n\delta_{\alpha,\beta},\sum_{x\in X}w_{\epsilon’}(\alpha,x)w_{\epsilon’}(x,\beta)=n\delta_{\alpha,\beta}$
for any $\alpha$ and $\beta$ in
$X_{j}$
$( 3a_{\epsilon})\sum_{x\in X}w_{\epsilon’}(\alpha,x)w_{\epsilon’}(x, \beta)w_{\epsilon}(x,\gamma)=Dw_{\epsilon’}(\alpha,\beta)w_{\epsilon}(\alpha,\gamma)w_{\epsilon}(\beta,\gamma)$
for any $\alpha,\beta$ , an$d\gamma$
in $X$ ,
$( 3b_{\epsilon})\sum_{x\in X}w_{\epsilon’}(\alpha,x)w_{\epsilon’}(x, \beta)w_{\epsilon}(\gamma,x)=Dw_{\epsilon’}(\alpha,\beta)w_{\epsilon}(\gamma, \alpha)w_{\epsilon}(\gamma, \beta)$
for any $\alpha,\beta$ , an$d\gamma$
in $X$ ,
where $|X|=n=D^{2}$ .
Definition 17. (X, $w_{+},$ $w_{-}$ ) is a generalized spin model of type $(HB_{\epsilon})$ if the following
conditions are satisfed.
$(lH_{\epsilon})w_{\epsilon}(\alpha,\beta)w_{\epsilon}(\alpha,\beta)=1,$ $w_{\epsilon’}(\alpha,\beta)w_{\epsilon’}(\beta, \alpha)=1$ for any $\alpha$ and $\beta$ in $X$ ,
$( 2H_{\epsilon})\sum_{x\in X}w_{\epsilon}(\alpha,x)w_{\epsilon}(\beta,x)=n\delta_{\alpha,\beta},\sum_{x\in X}w_{\epsilon’}(\alpha,x)w_{\epsilon’}(x,\beta)=n\delta_{\alpha,\beta}$
for any $\alpha$ and $\beta$ in
$X$ ,
$( 3a_{\epsilon’})\sum_{x\in X}w_{\epsilon}(\alpha, x)w_{\epsilon}(x,\beta)w_{\epsilon’}(x, \gamma)=Dw_{\epsilon}(\alpha, \beta)w_{\epsilon’}(\alpha, \gamma)w_{\epsilon’}(\beta, \gamma)$ for any $\alpha,$ $\beta_{f}$ and $\gamma$
in $X$ ,




Definition 18. (X, $w+,w_{-}$ ) is a generalized spin model of type $(HC_{\epsilon})$ if the follonig
conditions are satisfied.
$(OH_{\epsilon})w_{\epsilon}(\alpha,\beta)=w_{\epsilon}(\beta, \alpha)$ for any a an$d\beta$ in $X$ ,
$(1H_{\epsilon’})w_{\epsilon’}(\alpha,\beta)w_{\epsilon’}(\alpha,\beta)=1,$ $w_{\epsilon}(\alpha,\beta)w_{\epsilon’}(\beta, \alpha)=1$ for any $\alpha$ an$d\beta$ in $X$ ,
$( 2H_{\epsilon’})\sum_{x\in X}w_{\epsilon}(\alpha,x)w_{\epsilon}(x,\beta)=n\delta_{\alpha,\beta},\sum_{x\in X}w_{\epsilon’}(\alpha,x)w_{\epsilon’}(\beta,x)=n\delta_{\alpha,\beta}$ for any $\alpha$ an$d\beta$ in
$X$ ,
$( 3a_{\epsilon’})\sum_{x\in X}w_{\epsilon}(\alpha,x)w_{\epsilon}(x,\beta)w_{\epsilon’}(x,\gamma)=Dw_{\epsilon}(\alpha,\beta)w_{\epsilon’}(\alpha,\gamma)w_{\epsilon’}(\beta, \gamma)$
for any $\alpha,$ $\beta$, an$d\gamma$
in $X$ ,
$( 3b_{\epsilon’})\sum_{x\in X}w_{\epsilon}(\alpha,x)w_{\epsilon}(x,\beta)w_{\epsilon’}(\gamma,x)=Dw_{\epsilon}(\alpha,\beta)w_{\epsilon’}(\gamma, \alpha)w_{\epsilon’}(\gamma,\beta)$ for any $\alpha,\beta$, an$d\gamma$
in $X$ ,
where $|X|=n=D^{2}$ .
Note. Let $w_{+’}(\alpha,\beta)=w+(\beta, \alpha),$ $w_{-}’(\beta, \alpha)=w_{-}(\beta, \alpha)$ . If (X, $w+,w_{-}$ ) is a generalized
spin model of type $(H_{\epsilon}),$ $(HA_{\epsilon}),$ $(HB_{\epsilon})$ and $(HC_{\epsilon})$ , then (X, $w+’,$ $w_{-}$ ), (X, $w+,$ $w_{-}’$),
(X, $w+’,$ $w_{-}$ ) are also generalized spin models of type $(H_{\epsilon}),$ $(HA_{\epsilon}),$ $(HB_{\epsilon})$ , and $(HC_{\epsilon})$
respectively.
Note. Let $w_{+’}(\alpha,\beta)=w_{-}(\alpha, \beta)$ and $w_{-}’(\alpha, \beta)=w+(\alpha,\beta)$ . If (X, $w+,$ $w_{-}$ ) is a general-
ized spin model of type $(H_{\epsilon}),$ $(HA_{\epsilon}),$ $(HB_{\epsilon})$ , and $(HC_{\epsilon})$ , then (X, $w_{+’},$ $w_{-}$ ) is a generalized
spin model of type $(H_{\epsilon’}),$ $(HA_{\epsilon’}))(HB_{\epsilon’})$ , and $(HC_{\epsilon’})$ .
Definition 19. (X, $w+,w_{-}$ ) is a symmetric Hadamard $type$ spin model if the following
conditions are satisfied. We denote it by $ty\varphi e(SH_{\epsilon})$
(0) $w_{+}(\alpha, \beta)=w_{+}(\beta, \alpha),$ $w_{-}(\alpha,\beta)=w_{-}(\beta, \alpha)$ ,
$(lH)W_{+}\circ W_{+}=J,$ $W_{-}\circ W_{-}=J$,
$(2H)W_{+}^{2}=nI,$ $W_{-}^{2}=nI$,
$( 3a_{\epsilon})\sum_{x\in X}w_{\epsilon’}(\alpha,x)w_{\epsilon’}(x,\beta)w_{\epsilon}(x, \gamma)=Dw_{\epsilon’}(\alpha,\beta)w_{\epsilon}(\alpha,\gamma)w_{\epsilon}(\beta, \gamma)$
.
Theorem 20. Let (X, $w_{1},$ $w_{2},$ $w_{3},$ $w_{4}$ ) be a generalized generalized spin model. As-
sume that $W_{1},$ $W_{3}\in\{W_{\epsilon},{}^{t}W_{\epsilon}\}$ and $W_{2},$ $W_{4}\in\{W_{\epsilon’},{}^{t}W_{\epsilon’}\}$ for some matrices $W_{\epsilon}=$
$(w_{\epsilon}(\alpha,\beta))_{\alpha\in X,\beta\in X}$ an$dW_{\epsilon’}=(w_{\epsilon’}(\alpha,\beta))_{\alpha\in X,\beta\in X}$ . Then (X, $w+,$ $w_{-}$ ) is one of th$e$ gener-
alized spin models of type $(H_{\epsilon})_{j}(HA_{\epsilon}),$ $(HB_{\epsilon})$ , and $(HC_{\epsilon})$ , where $\epsilon\in\{+, -\}$ .
Proof. case (i). $W_{1}=W_{+},$ $W_{2}=W_{-},$ $W_{3}=W_{+},$ $W_{4}=W_{-}$ .
By (1) and (2) of Definition 3, we have (IH) and (2H). By $III_{1}’$ of \S 2, $Dw_{4}(\alpha,\beta)=$
$Dw_{-}(\alpha,\beta)$ is an eigenvalue of $W_{1}=W_{+}$ for any $\alpha,$ $\beta\in X$ . By (2H) we have $W_{+}^{2}=W_{-}^{2}=$
$nI$ . Therefore $w_{-}(\alpha,\beta)w_{-}(\alpha,\beta)=1$ . Therefore by (IH-) we have $w_{-}(\alpha, \beta)=w_{-}(\beta, \alpha)$
for any $\alpha$ and $\beta$ in $X$ . Hence (OH-) is satisfied. Since $W_{4}=W_{-}$ is symmetric, (3a) and
(3b) of Definition 3 are both equivalent to $(3a_{-})$ . Therefore (X, $w_{+},$ $w_{-}$ ) is a generalized
spin model of type $(H_{-})$ .
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case $(\hat{\dot{u}})$ . $W_{1}=W_{+},$ $W_{2}=W-,$ $W_{3}=W+,$ $W_{4}={}^{t}W-\cdot$
By (1) and (2) of Definition 3, we have (IH-) and $(2H_{-})$ . $(3a)$ and (3b) of Definition
3 give $(3a_{-})$ and $(3b_{-})$ respectively. Therefore (X, $w_{+},w_{-}$ ) is a generalized spin model of
type (HA-).
case (ili). $W_{1}=W+,$ $W_{2}=W_{-},$ $W_{3}={}^{t}W_{+},$ $W_{4}=W_{-}$ .
$-By(1)$ and (2) of Definition 3, we have $(1H_{+})$ and $(2H_{+})$ . $(3a)$ and (3b) of Definiton
3 give $(3a_{-})$ and $(3b_{-})$ respectively. Therefore (X, $w+,w_{-}$ ) is a generalized spin model of
type $(HB_{+})$ .
case (iv). $W_{1}=W_{+},$ $W_{2}=W-,$ $W_{3}={}^{t}W_{+},$ $W_{4}=^{t}W-\cdot$
By (1) and (2) of Definition 3, we have $W_{+}\circ W_{+}=J,$ $W_{-}\circ W-=J,$ $W_{+}^{t}W+=nI$
and $W_{-}{}^{t}W_{-}=nI$ . By $III_{1’}$ of \S 2, $W_{+}^{2}Y_{\alpha\beta}^{41}=D^{2}w_{-}(\beta, \alpha)^{2}Y_{\alpha\beta}^{41}=nY_{\alpha\beta}^{41}$ for any $\alpha$ and $\beta$
in $X$ . Since $\{Y_{\alpha\beta}^{41}\}_{\alpha,\beta\in X}$ is a spanning set, $W_{+}^{2}=nI$ . Hence $W_{+}$ is symmetric. Therefore
we have $(0H_{+})$ , (IH-), $(2H_{-})$ of Definition 18. (3a) and (3b) of Definition 3 give $(3a_{-})$
and $(3b_{-})$ respectively. Therefore (X, $w+,$ $w_{-}$ ) is of type $(HC_{+})$ .
case (v). $W_{1}=W_{+},$ $W_{2}={}^{t}W_{-}$ .
Let $W_{-}’={}^{t}W_{-}$ . Then $W_{1}=W_{+}$ and $W_{2}=W_{-}’$ , and (X, $W_{+},$ $W_{-}’$) satisfies thhe
conditions of case (i), (ii), (iii), or (iv). Therefore (X, $W+,$ $W_{-}’$) is of type $(H_{-})$ , type
(HA-), type $(HB_{+})$ , and type $(HC_{+})$ respectively.
case (vi). $W_{1}={}^{t}W+\cdot$
Let $W_{+}’=^{t}W+\cdot$ Then cases (i), (ii), (iii), (iv), (v) show that (X, $w+’,$ $w_{-}$ ) is a general-
ized spin model of type $(H_{-})$ , (HA-), $(HB_{+})$ , and $(HC_{+})$ . Therefore (X, $w_{+},$ $w_{-}$ ) is also
of those type.
caes (vii). $W_{1}\in\{W_{-},{}^{t}W_{-}\}$ .
Let $W_{+}’=W_{-}$ and $W_{-}’=W_{+}$ . Then $W_{1},$ $W_{3}\in\{W_{+}’,{}^{t}W_{+}’\}$ and $W_{2},$ $W_{4}\in$
$\{W_{-}’,{}^{t}W_{-}’\}$ . Therefore (X, $W_{+}’$ , $WL$ ) is a generalized spin model of type $(H_{-})$ , (HA-),
$(HB_{+}),$ $(HC_{+})$ . Therefore (X, $w+,$ $w_{-}$ ) is those of type $(H_{+}),$ $(HA_{+})$ , (HB-) and (HC-).
Note. As for the partition function $Z_{L}$ of an oriented link diagram $L$ attached to the
generalized spin modek of Hadamard type, the proof of Theorem 20 shows what kinds of
signed oriented graphs are suitable for each type of generalized spin model of Hadamard
type. The choice is not unique.
\S 5. Concluding Remarks.
Generalized generalized spin modek (X, $w_{1},$ $w_{2}$ , W3, $w_{4}$ ) seem to exist considerably in
abundance when compared with the original (symmetric) spin models due to Jones. The
generalized spin models considered in \S 2, \S 3, \S 4 are special cases of generalized generalized
spin models, but they exist also considerably in abundance.
As we have discussed in \S 2, \S 3, and \S 4, we have three types of generalized spin models:
Jones type, pseudo-Jones type and Hadamard type.
1) In order to consider (non-symmetric) Jones type, essentially we only have to consider
Definition 8 (because of Theorem 10). Such generalized spin models were first considered
by Munemasa and Watatani [7]. They gave two explicit examples with $n=3$ and $n=5$ . A
family of such examples were constructed on the group association schemes of finite cyclic
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groups by Bannai and Bannai [1]. For symmetric Jones type, there are many examples
attached to symmetric association schemes, in particular to strongly regular graphs (cf.
[4], [5]). Nomura [8] systematically gives examples of symmetric spin modek (in the
original sense of Jones) attached to an Hadamard graph (i.e., the distance-regular graph
of intersection array
$\{\begin{array}{lllll}* 1 m 2m-1 2m0 0 0 0 02m 2m-1 m 1 *\end{array}\}$
which is canonically constructed &om each Hadamard matrix (see [3, p.19]).
2) In pseudo-Jones type, the matrices $W_{+}$ and $W$-are always symmetric. The following
is an explicit example of pseudo-Jones type which is not of Jones type nor of Hadamard
type.
$W_{+}=(\begin{array}{llll}1 i 1 -ii 1 -i 11 -i 1 i-i 1 i 1\end{array})$ , $W_{-=}(\begin{array}{llll}1 -i 1 i-i 1 i 11 i 1 -ii 1 -i 1\end{array})$
with $i=\sqrt{-1}$ . (We can check all the conditions in Definition 13 easily.) It is expected
that there are many other generalized spin modek of pseudo-Jones type.
3) In Hadamard type, we only have to consider the following ones: symmetric Hadamard
type $(H_{+}),$ $(HA_{+}),$ $(HB_{+})$ , and $(HC_{+})$ (because of Notes in \S 4).
a) The following is an example of symmetric Hadamard type, which is not of Jones type,
nor of pseudo-Jones type.
$=(\begin{array}{llll}1 -1 1 1-l 1 1 11 1 1 -11 1 -1 1\end{array})$ , $W_{-}=(\begin{array}{llll}l 1 -1 l1 1 1 -1-1 1 1 11 -1 1 1\end{array})$ .
(We can easily check the conditions in Definition 19.)
b) The following is an example of non-symmetric Hadamard type $(H_{-})$ , which is not of
Jones type, nor of pseudo-Jones type.
$W_{+}=(\begin{array}{llll}1 -i -1 -i\dot{x} 1 i -1-1 -i 1 -ii -1 i 1\end{array})$ , $W_{-}=(\begin{array}{llll}1 1 -1 11 1 1 -1-1 l 1 11 -1 1 l\end{array})$ .
(We can easily check the conditions in Definition 15.) It is expected that there exist many
other generalized spin modek of Hadamard type.
Remark. Let $(X_{1}, w_{1}^{(1)}, w_{2}^{(1)}, w_{3}^{(1)}, w_{4}^{(1)})$ and $(X_{2}, w_{1}^{(2)}, w_{2}^{(2)}, w_{3}^{(2)}, w_{4}^{(2)})$ be generalized gen-
eralized spin models. Let us set $X=X_{1}\cross X_{2},$ $w_{i}=w_{i}^{(1)}\otimes w_{i}^{(2)}(\dot{x}=1,2,3,4)$ , namely, $W_{i}=$
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$W_{i}^{(1)}\otimes W_{i}^{(2)}$ , where $W_{:}^{(j)}$ is the matrix reproeentation of $w_{i}^{\circ)}$ . Then (X, $w_{1},w_{2},w_{3},$ $w_{4}$ ) is
ageneralized generahzed spin model. (We can immediately prove this claim by che&ing
Definition 3.) Ako, we can easily see that if (X:, $w_{+}^{(i)},w_{-}^{(i)}$ ) $(i=1,2)$ are two generalized
spin modek of asame type, $i.e.$ , symmetric Jones type, Jones type, transposed Jones type,
pseudo-Jones type, symmetric $Hadama\tau d$ type, or $HadaInard_{(2)}type(H_{\epsilon}),$ $(HA_{\epsilon}),$ $(HB_{\epsilon})$ ,
$(HC_{\epsilon})$ , then (X, $w+,$ $w_{-}$ ) with $X=X_{1}\cross X_{2},$ $w+=w_{+}^{(1)}\otimes w_{+},$ $w_{-}=w_{-}^{(i)}\otimes w_{-}^{(2)}$ is a
generalized spin model of the same type. Therefore, by this tensor product construction,
we get many more examples of various spin models. Note that if we take two generahzed
spin modek of different types, then their tensor product is generaUy not ageneralized spin
model, but ageneralized generalized spin model.
Anyway, it seems interesting to notice that in many instances, the existence of spin
modek is closely connected with the existence of interesting combinatorial objects such as
Hadamard matrices, association schemes, etc,. (See [2] and [3] for general information on
such combinatorial objects.)
We want to discuss further examples of (various kinds of) spin modek and $t$he link
invaxiants attached to them in subsequent papers by looking at more combinatorial objects,
and by considering (generalized) generalized spin modek, we hope to be able to find missing
mechanisms of systema$iicaUy constructing spin models which Jones [6, p.325] wanted to
discover.
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